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The topology and the geometry of a surface play a fundamental role in determining the equilibrium
configurations of thin films of liquid crystals. We propose here a theoretical analysis of a recently
introduced surface Frank energy, in the case of two-dimensional nematic liquid crystals coating a
toroidal particle. Our aim is to show how a different modeling of the effect of extrinsic curvature
acts as a selection principle among equilibria of the classical energy, and how new configurations
emerge. In particular, our analysis predicts the existence of new stable equilibria with complex
windings.
PACS: 61.30.Dk, 68.35.Md
I. INTRODUCTION
Due to their special optical properties and their con-
trollability through electric and magnetic fields, liquid
crystals have proven to be fundamental in many scientific
and technological applications. Their properties have
been deeply investigated for over a century and nowa-
days increasing emphasis is being placed on so-called ne-
matic shells. These are microscopic particles coated by
a thin film of liquid crystals, which develop defects with
a topological charge, and thus have a tendency to self-
assemble into metamaterials which may have new optical
properties and a high potential for technological applica-
tions (see, e.g., [1, 2]). The form of the elastic energy for
nematics is well established, both in the framework of di-
rector theory, based on the works of Oseen, Zocher, and
Frank, and in the framework of the order-tensor theory
introduced by de Gennes (see, e.g., [3–5]). In contrast,
there is no universal agreement on the two-dimensional
free energy to model nematic shells. Different ways to
take into account the distorsion effect of the substrate
were proposed in [6–8] and recently by Napoli and Ver-
gori ([9, 10]). Indeed, as observed in [11] and [12], the
liquid crystal ground state (and all its stable configura-
tions, in general) is the result of the competition between
two driving principles: on one hand the minimization of
the “curvature of the texture” penalized by the elastic en-
ergy, and on the other the frustration due to constraints
of geometrical and topological nature, imposed by an-
choring the nematic to the surface of the underlying par-
ticle. The new energy model ([9, 10]) affects these two
aspects, focusing on the effects of the extrinsic geometry
of the substrate on the elastic energy of the nematics. It
is worthwhile noting that the above-mentioned energies
are deduced by means of heuristic considerations or ad
hoc Ansa¨tze. A rigorous justification, which could indi-
cate which form of energy is preferable, is still missing.
For instance, one could envision to model molecular in-
teractions on a discrete lattice and derive a macroscopic
surface energy via Γ-convergence, as it is done for the flat
case in [13].
With the present paper we aim at exploring the full
consequences of the new model so that a detailed com-
parison with the classical one can be established. More
precisely, we study the two-dimensional Napoli-Vergori
director theory for nematic shells on a genus one sur-
face: a) we analyze the dependence of the new energy on
the mechanical parameters (splay, twist and bend mod-
uli) and on the geometrical parameters (the radii of the
torus); b) we highlight in which cases the new energy acts
as a selection principle among the minimizers of the clas-
sical one, and in which cases new different states emerge.
Finally, c) we predict the existence of stable equilibrium
states carrying a higher energy than the ground state, in
correspondence with the homotopy classes of the torus.
Our analysis, in particular, agrees and makes more pre-
cise the statement of [10], according to which the new
energy “promotes the alignment of the flux lines of the
nematic director towards geodesics and/ or lines of cur-
vature of the surface”. The aspect of high energy equi-
librium states is present in the classical energy as well,
but it was neglected in previous research on genus one
surfaces ([8]).
Our observations are based on a rigorous mathemati-
cal analysis of the models, which combines methods from
differential geometry and topology, calculus of variations,
functional analysis and numerical simulations. Topology
enters our work, first of all, in the choice of the torus as
base substrate. Indeed the nematics would necessarily
present defects on any surface with genus different than
one, due to Poincare´-Hopf Theorem ([8, 14, 15]); as a con-
sequence, when dealing with the Frank’s director theory,
the space of functions in which one looks for minimizers
would be empty, even in a weak sense (see [16]), requir-
ing thus further expedients or approximations (see, e.g.,
[11, 17]). The idea in [16] relies on the extension of classi-
cal degree theory from continuous functions to the space
of Bounded Mean Oscillation functions, which, in par-
ticular, includes all the vector fields that have bounded
Frank-Oseen energy [18]. The emptiness of the set of
minimizers of Frank-Oseen energy follows then from the
emptiness of the set of continuous unit tangent vectors
on surfaces with genus 6= 1. In order to focus on the in-
fluence of the geometry, we choose here a surface where
defectless ground states can be found. The case of a cylin-
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2der, the simplest surface where different results between
classical and new energy can be predicted, was presented
in [10] (on a sphere, the two energies differ by a constant).
A related energy on hyperbolic surfaces was studied in
[19] and in [20], which described the different effects of
the intrinsic and of the extrinsic geometry on defects. Al-
though the experimental generation of toroidal nematics
is a challenge, recent techniques ([21]) allow for droplets
of genus one or higher, and further motivate investigation
of more complex surfaces.
II. ENERGETICS
For vectors u,v ∈ R3 we denote by u · v the standard
euclidean inner product. We write |u| = √u · u to denote
the norm of u. For a two-tensor A = {aji} we adopt the
norm |A|2 := tr(ATA) = ∑ij(aji )2, which is invariant
under change of coordinates.
In the classical director theory of nematics, the local
orientation of the liquid crystal molecules in a sample
Ω ⊂ R3 is described by the unit vector field n : Ω→ S2,
where S2 is the unit sphere. Stable configurations are
minimizers of the classical elastic energy, which according
to Frank’s formula reads
W (n) :=
1
2
∫
Ω
[
K1(div n)
2 +K2(n · curl n)2
+K3|n× curl n|2
+ (K2 +K24)div [(∇n)n− (div n)n]
]
dx,
where K1, K2, K3 and K24 are positive constants called
the splay, twist, bend and saddle-splay moduli, respec-
tively. The last term is a null Lagrangian, hence it de-
pends only on the behavior of n on the boundary. While
the Frank’s energy above is, within the director theories,
well accepted, there is not such agreement when dealing
with surface energies. In the literature, one can find dif-
ferent proposals for such an energy ([6, 8, 11] [10]). The
main difference between the classical energy proposed in
[6, 8, 11] and the most recent one [10] essentially lies in
the choice of the differential operators on the surface S.
More precisely, the energy in ([6, 8, 11]) is a functional
of the covariant derivative Dn of the vector field n, while
the energy in [10] depends on the surface gradient ∇sn,
which is defined as ∇sn := ∇nP (see, e.g., [3]), with P
being the orthogonal projection onto the tangent plane
of S. Note that
Dn = P∇n 6= ∇nP = ∇sn, (1)
since the matrix product is non-commutative in general.
In other words, ∇s is the restriction of the usual deriva-
tive of R3 to directions lying in the tangent plane and
takes thus into account also the extrinsic curvature of
S. In order to understand the effect of extrinsic curva-
ture on ∇s and the precise difference between the terms
in (1), it is useful to introduce the shape operator of a
surface. Denote by ν the unit normal vector to S. At
every point p ∈ S, −dνp : TpS → TpS2 is a symmetric
linear operator named the shape operator, the eigenval-
ues of which are exactly the two principal curvatures of
S in p. Given a smooth tangent vector field u on S, we
can decompose the vector (∇sn)u into its projection on
the tangent space and a normal component; by Gauss’
formula [22, Theorem 8.2] we can relate the normal com-
ponent to the shape operator:
(∇sn)u = P (∇sn)u + [(∇sn)u]⊥ = Dun− (dν(n) · u)ν.
The inner product in the last term is also known as the
second fundamental form of S and is usually denoted by
II(n,u). This decomposition implies the identity
|∇sn|2 = |Dn|2 + |dν(n)|2, (2)
which clarifies the difference between covariant deriva-
tive and surface gradient. In order to describe the elastic
energy of a thin film, approximated by a surface S, we
resort to the Darboux frame {n, t,ν}, where t := ν × n.
Let κt, κn be the geodesic curvatures of the flux lines of
t and n, respectively. Let cn be the normal curvature
and let τn be the geodesic torsion (see, e.g., [23] for all
the definitions and examples related to differential ge-
ometry). The surface divergence acting on the field n is
defined as divsn := trDn = tr∇sn and can be expressed
as divsn = κt ([10]). The classical form of surface free
energy, for a thin film of nematics of constant thickness
h around S, is ([6, 8, 11])
WCl(n) : =
1
2
∫
S
[
k1(divsn)
2 + k3(curl n)
2
]
dA,
=
1
2
∫
S
[
k1κ
2
t + k3κ
2
n
]
dA, (3)
where ki = hKi and curl n is the covariant curl opera-
tor (see [22]). In the new energy introduced in [10], the
extrinsic curvature of S comes to play a role through cn
and τn
WNV(n) : =
1
2
∫
S
[
k1(divsn)
2 + k2(n · curlsn)2
+k3|n× curlsn|2
]
dA, (4)
=
1
2
∫
S
[
k1κ
2
t + k2τ
2
n + k3(κ
2
n + c
2
n)
]
dA,
where curlsn := −∇sn ( is the Ricci alternator). Note
that curlsn = −τnn− cnt + κnν and that, unless we re-
strict to flat surfaces, the vector curl sn has non vanish-
ing in-plane components. Note also that the saddle-splay
term is not present in the surface energy WNV (see [10] for
a justification). In order to study the minimizers of WCl
and WNV, it is convenient to introduce a parametrization
X of S. We use (θ, φ) as a set of local coordinates and
we assume that eθ := ∂θX/|∂θX| and eφ := ∂φX/|∂φX|
give a local orthonormal basis for the tangent plane to
S. We can then describe n through the angle α defined
3by n = eθ cosα+eφ sinα. With respect to α, the surface
energy (4) takes the form
WNV(α) =
1
2
∫
S
[
k1((∇sα−Ω) · t)2
+ k3((∇sα−Ω) · n)2
+ k2(c1 − c2)2 sin2 α cos2 α
+k3(c1 cos
2 α+ c2 sin
2 α)2
]
dA, (5)
where c1 and c2 are the principal curvatures of S and Ω is
the spin connection. The latter is the vector field defined
as Ω = −κθeθ − κφeφ, where κθ and κφ are the geodesic
curvatures of the flux lines of eθ and eφ, respectively (see
[24] and the Appendix A in this paper). The first two
terms coincide with WCl.
III. THE AXISYMMETRIC TORUS
In this Section we analyse the energy (5) in the particu-
lar case of an axisymmetric torus T, with radii R > r > 0
parametrized by
X(θ, φ) =
(R+ r cos θ) cosφ(R+ r cos θ) sinφ
r sin θ
 , (6)
where (θ, φ) ∈ Q := [0, 2pi] × [0, 2pi] (see Figure 1). In
φ
T
θ
R
r
FIG. 1. Schematic representation of the torus T.
order to study the dependence of the energy (4) on the
mechanical and geometrical parameters, we first restrict
to the case of constant angle α. In this case, the integral
in (4) can be computed explicitly as a function of five
real parameters (see Appendix B):
WNV = WNV(α, k1, k2, k3, µ), (7)
where µ := R/r. Since WNV is pi-periodic, we restrict to
α ∈]− pi/2, pi/2]. This choice is related to the invariance
of the energy WNV with respect to the change of n into its
opposite −n. Studying the equilibrium equation associ-
ated with WNV, one finds the equilibrium configurations
(see Figure 2)
αm = 0, αp =
pi
2
, αh = ±1
2
arccos
(
Bk3 + Ck1
µ2(k2 − k3)
)
,
αm
αp αh
FIG. 2. Schematic representation of the constant equilibrium
configurations αm, αp and αh, where the director field n is
aligned along meridians, parallels and helixes of T, respec-
tively.
where B = µ
√
µ2 − 1− 1 and C = B − µ2 + 2 (provided
that the argument of the arccos function is in the interval
[−1, 1]).
Unlike the case of a cylinder [10] in which the radius
has no influence on minimizers, in the case of a torus the
minimality depends also on the ratio µ = R/r. In this
regard, see Figure 3, where WNV(α) is plotted for fixed
kj and different choices of µ, and Figure 4, which shows
WNV(α) for fixed ratio µ and different choices of kj .
WNV
kpi2
α−pi2 0 pi2
2
4
FIG. 3. Surface energy WNV (rescaled by kpi
2) as a function of
the deviation α from eθ, for the one-constant approximation
k := k1 = k2 = k3. The ratio of the radii of the torus µ = R/r
is : µ = 1.1 (dotted line), µ = 2/
√
3 (dashed dotted line), µ =
1.25 (dashed line), µ = 1.6 (continuous line). The behavior
for equal kj ’s depends on the fact that the only non-constant
term in the energy WNV changes sign when 2µ = µ
2/
√
µ2 − 1,
i.e. when µ = 2/
√
3.
In Figures 3 and 4 we make a specific choice of the
parameters ki and µ so as to present the features of the
energy. The advantage of the explicit formula for WNV
given in Appendix B is that we may assess the minimal-
ity and stability of a configuration for any given choice
4WNV
k1pi2
α−pi2 0 pi2
2
4
FIG. 4. Surface energy WNV (rescaled by k1pi
2) as a function
of the deviation α from eθ, for µ = 1.25, k1 = k3 = 1 and
different values of k2. Studying the second derivative of WNV,
one finds critical values ξ1 = 2
√
µ2 − 1/µ and ξ2 = 2 − ξ1,
which characterize the cases: αm is local minimum and αp
is global minimum (k2 > ξ1, continuous line); αm is global
maximum and αp is global minimum (ξ1 ≥ k2 ≥ ξ2, between
dashed and dashed-dotted lines); ±αh are global minima, αp
is local maximum, αm is global maximum (k2 < ξ2, dotted
line).
of parameters simply by computing the first and second
derivatives of WNV with respect to α.
We turn now our attention to general functions α (i.e.,
not necessarily constants), in the case of the well-studied
one-constant approximation of WNV, where k1 = k2 =
k3 =: k. Let ∇sn be the surface derivative of n and let ν
be the unit normal vector to the torus T. Recalling that
(see [10])
(divsn)
2 + (n · curlsn)2 + |n× curlsn|2 = |∇sn|2,
we can easily obtain the one-constant approximation of
WNV
WNV(n) =
k
2
∫
T
|∇sn|2dA
(2)
=
k
2
∫
T
[|Dn|2 + |dν(n)|2]dA.
It is then clear that by introducing the surface gradient
∇s (with respect to the tangent derivation), one is adding
a contribution which depends on the extrinsic curvatures.
More precisely, |dν(n)| is minimized (maximized) when
n is oriented along the direction of minimal (maximal)
curvature (in absolute value). We can check this directly
in the case of a torus by expressing the energy in terms
of the angle α with the local coordinates,
WNV(α) = f(µ) +
k
2
∫
T
[
|∇sα|2 + c
2
1 − c22
2
cos(2α)
]
dA,
(8)
where f(µ) = κpi2(2µ+ (2− µ2)/
√
µ2 − 1)) can be com-
puted using the orthogonality of ∇sα and Ω.
The energy WNV in the one-constant approximation
consists in a Dirichlet energy density |∇sα|2 plus a
double-(mod 2pi)-well potential cos(2α) multiplied by a
curvature-dependent factor (c21− c22)/2. This form of the
energy is well-studied in the context of Cahn-Hilliard
phase transitions (see [25]), where pure phases corre-
spond to minimizers of the double-well and transitions
are penalized by the Dirichlet term. In our case the liq-
uid crystal phase is clearly fixed, but we can apply the
same structure to a “direction transition”. Depending
on the torus aspect ratio, the sign of c21 − c22 may not be
constant on Q, thus forcing a smooth transition between
the directions α ≡ αm, where c21 < c22, and α ≡ αp, where
c21 > c
2
2 (see Figure 5).
The Euler-Lagrange equation corresponding to (8) is
k∆sα+
k
2
(c21 − c22) sin(2α) = 0, (9)
where ∆s = divs∇s is the Laplace-Beltrami operator on
the torus T. Equation (9) is a novel kind of elliptic sine-
Gordon equation, the only explicit solutions to which, to
our knowledge, are the constants αm = 0 and αp = pi/2.
We resort thus to studying the gradient flow of WNV, i.e.,
the solutions α = α(x, t) defined on T × [0,+∞), to the
evolution equation
∂tα = k∆sα+
k
2
(c21 − c22) sin(2α), (10)
equipped with an initial datum α(x, 0) = α0(x) on T.
We remark that this evolution problem is not a physical
flow of the nematics, but it constitutes an efficient math-
ematical artifice to approximate solutions of the station-
ary equation (9). Indeed, owing to the ellipticity of the
Laplace-Beltrami operator and to the regularity of the
nonlinear term, for any regular initial datum α0 there
exists a unique solution α(t) to (10). Moreover, by con-
struction, at any time t > 0 this solution satisfies the
energy balance∫ t
0
∫
T
|∂tα(s)|2dAds+WNV(α(t)) = WNV(α0). (11)
The energy equality above follows from the fact that
(10) is indeed the gradient flow of the energy (8). For a
(sufficiently smooth) solution α of (10), we have that
d
dt
WNV(α(t)) =
d
dt
k
2
∫
T
[
|∇sα(t)|2
+
c21 − c22
2
cos(2α(t))
]
dA
= k
∫
T
[
∇sα(t) · ∇s∂tα(t)
− c
2
1 − c22
2
sin(2α(t))∂tα(t)
]
dA.
5Integrating by parts, we obtain
d
dt
WNV(α(t)) = −k
∫
T
[
∆sα(t)
+
c21 − c22
2
sin(2α(t))
]
∂tα(t)dA.
Consequently, recalling that α is a solution of (10), we
get
d
dt
WNV(α(t)) = −
∫
T
|∂tα(t)|2dA, ∀t > 0, (12)
which expresses that the energy WNV decreases along
solutions. Integrating over (0, t) for t > 0 we obtain the
energy balance (11). Finally, as t→ +∞, α(t) converges
(possibly up to a subsequence) to a function α∞ which
solves (9). If α0 is a critical point, i.e. α0 = αm or α0 =
αp, then the evolution is clearly constant: α(t) ≡ αm,
or α(t) ≡ αp, respectively. For different initial data, we
α∞
a) µ = 1.4
b) µ = 1.2
FIG. 5. (Color online) Plots of the vector field n∞ corre-
sponding to the limit solution α∞ to (10) for α0 = pi/4 and
different ratios µ. (The color code represents α∞.) For µ < 2,
the configuration αm is preferable in a strip close to the cen-
tral hole, while for every choice of µ, αp is more convenient
around the external equator. As the term |∇sα|2 in the energy
penalizes the transition from αp to αm, minimizers exhibit a
smooth rotation of the director field along the meridians. The
amplitude of the rotation increases as µ decreases to 1.
find as a limit solution either αp, or a nonconstant α∞
belonging to the family illustrated in Figure 5. The only
distinguishing factor between these two behaviors is the
ratio of radii µ = R/r. From the explicit form ofWNV(α),
we know that if µ ≥ 2, then c21 − c22 ≥ 0 and thus αp ≡
pi/2 is the unique (up to rotations of mpi,m ∈ Z) global
minimizer of WNV. On the other hand, from the previous
discussion on constant α, we know that if µ < 2/
√
3,
then αp cannot be the global minimizer, as for this ratio
WNV(αm) < WNV(αp). We conjecture that there exists
a unique critical ratio µ∗ ∈ (2/√3, 2) above which αp is
the point of minimum, and below which the nonconstant
solution appears. Numerically, we found µ∗ ≈ 1.52.
It is interesting to compare these configurations with
the equilibrium ones of the classical Frank energy [8]. In
the one-constant approximation, the energy on a torus is
WCl(α) =
k
2
∫
T
|∇sα−Ω|2 dA
=
k
2
∫
T
[|∇sα|2 − 2∇sα ·Ω + |Ω|2]dA
=
k
2
∫
T
|∇sα|2 dA+ 2kpi2(µ−
√
µ2 − 1)
and the corresponding equilibrium equation is ∆sα = 0.
(Note that in [8] µ = r/R.) Therefore, in the classical
case, every field n = eθ cos α¯ + eφ sin α¯, for constant α¯,
is an equilibrium state, with the same energy indepen-
dently of α¯. For µ > µ∗, the new energy WNV selects αp,
among all constants, as unique equilibrium configuration.
For µ < µ∗, instead, the new lower-energy configuration
shown in Figure 5 appears. The fact that the solution
α = αp is no longer stable for sufficiently small µ is due
to the high bending energy associated to α = αp in the
internal hole of the torus. In a small strip close to the
internal equator of the torus, we can approximate (see
Appendix B)
c21 − c22 ≈
1
r2
− 1
(R− r)2 , dA ≈ r(R− r)dθ dφ,
and therefore
(c21 − c22) cos(2αp)dA ≈ µ
2− µ
µ− 1dθ dφ,
which tends to +∞ as µ→ 1.
This new solution attempts to minimize the effect of
the curvature by orienting the director field along the
meridian lines α = αm which are geodesics on the torus,
near the hole of the torus, while near the external equator
the director is oriented along the parallel lines α = αp,
which are lines of curvature. The particular form of the
energy WNV in (8) favors a smooth transition between
α = αp and α = αm. This “phase” transition is due to
the interplay between the Dirichlet term and the dou-
ble well potential in the one-constant approximation (8).
The double-well potential is exactly the contribution of
the extrinsic terms in the energy.
6A. Equilibria with windings
In order to describe more complex equilibrium states,
we need to introduce the winding number of the director
field n on the torus. Let n be given and, referring to (6),
let α : Q→ R be such that
n(X) = eθ cosα+ eφ sinα on Q.
Though α needs not be Q-periodic, there certainly exist
integers m,n ∈ Z such that
α(2pi, 0) = α(0, 0) +mpi, α(0, 2pi) = α(0, 0) + npi.
We define the winding number of ±n as the couple of
indices h = (hθ, hφ) ∈ Z× Z, given by
hθ :=
α(2pi, 0)− α(0, 0)
pi
, hφ :=
α(0, 2pi)− α(0, 0)
pi
.
Note that, by allowing for a difference of an odd mul-
tiple of pi, we are taking into account the symmetry
n = −n of the nematic represented by the vector field
n. Geometrically, hθ indicates how many turns of 180
◦
are completed by n along the meridian line parametrized
by θ 7→ X(θ, 0); similarly, the number of turns along
the parallel line φ 7→ X(0, φ) is given by hφ. A cru-
cial property of the winding number is its invariance un-
der continuous transformations of α (so that h could be
equivalently computed on any pair of curves which are
homotopically equivalent to the two that we chose). The
relevant consequence is the following: for any choice of
h = (hθ, hφ) ∈ Z × Z, there is an initial datum α0 (e.g.,
α0(θ, φ) = hθθ + hφφ) such that the corresponding vec-
tor field ±n has winding number h; the evolution of α0
according to (10) provides then, in the limit as t→ +∞,
a function α∞ whose associated line field n∞ is a local
minimizer of WNV and has winding number h. Conse-
quently, for each choice of winding number there is at
least one configuration which is stable in the sense that
it is not possible to lower its energy without breaking
the pattern on a line, i.e., without creating a line de-
fect. On the other hand, large winding numbers impose
large gradients on the director field, resulting in an in-
crease in the intrinsic energy, monotone with respect to
|h|. In analogy with traditional elastic continua, it is
reasonable to expect that a liquid crystal would break or
yield after reaching a critical maximum distortion energy.
We therefore expect a material-dependent upper bound
on the observable winding number of the nematics field,
which we hope could be determined experimentally.
B. Defects on a torus
Although defect-free ground states can be found on
the torus because of its zero Euler characteristic, these
are not the only minima which can be found. Indeed,
computational studies [26] using an XY-model on tori of
different radii ratios have found equilibrium configura-
tions with defects of positive and negative charges with
net zero charge. The reason we do not observe defects is
not due to the choice parameters, but rather is inherent
to the form of the energy WNV. We claim that configu-
rations with defects cannot be local minimizers of WNV
unless the model is substantially modified, because the
energy associated to any defect is +∞.
We remark that our results are not in contradiction
with those of [26]. In fact, computing the energy of a
defect on a discrete grid as in [26] is equivalent to re-
moving a disc centred at the defect with diameter equal
to the distance between the grid nodes. We would ex-
pect that by refining the grid, the energy of the discrete
configuration would tend to the energy of the continuous
configuration. In particular, it would tend to +∞ close
to a defect. What prevents the formation of defects in
our case is not a choice of the parameters ki or µ, but
rather the choice of the initial datum in the evolution law
(6). In [26] the initial configuration presents a random
number of defects, which eventually pairwise annihilate,
leaving survivors in multiples of 4 (or no defects at all).
Instead, we choose defectless initial data, possibly with
nontrivial winding number, which smoothly evolves into
minimizers with the same winding.
The observations regarding defects are well-studied in
the literature, and in particular they were anticipated
by Lubensky and Prost in [8] who introduced a “short
distance cutoff r”. By removing a small disc of radius
r, they obtain an energy ∼ log(1/r) corresponding to a
“condensation energy” in the small disc, or alternatively
to the “line tension” of the boundary created by removing
the disc.
IV. CONCLUDING REMARKS
We analyzed nematic liquid crystals on a toroidal par-
ticle, finding new equilibrium configurations for the sur-
face energy recently proposed by Napoli and Vergori in
[9, 10] and comparing them to the equilibria of classical
energies. We identified a range of parameters where the
new energy selects a unique equilibrium among the classi-
cal ones, and we showed the emergence of new equilibria
configurations, in accordance with the added penaliza-
tion of the normal curvature and geodesic torsion of the
director field.
We hope that experiments could be carried out in order
to confirm our analysis.
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or parallel line and counting how many times a complete (and oriented) scale of colors appears on the chosen line. The value
W under each figure indicates the value of the energy (rescaled by k) for that configuration. The energy value of the ground
state αp, for this choice of parameters, is W = 9.85.
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Appendix A: Geometric quantities on the torus
Let Q := [0, 2pi]× [0, 2pi] ⊂ R2, and let X : Q→ R3 be
the following parametrization of an embedded torus T
X(θ, φ) =
(R+ r cos θ) cosφ(R+ r cos θ) sinφ
r sin θ
 . (A1)
Using parametrization (A1), in the next paragraph we
derive the main geometrical quantities, like tangent and
normal vectors, first and second fundamental form, in
order to obtain an explicit expression for the metric and
the curvatures of T and for ∇sn.
Let Xθ := ∂θX, Xφ := ∂φX, ν :=
Xθ∧Xφ
|Xθ∧Xφ| , we have
Xθ =
−r sin θ cosφ−r sin θ sinφ
r cos θ
 , Xφ =
−(R+ r cos θ) sinφ(R+ r cos θ) cosφ
0
 ,
Xθθ =
−r cos θ cosφ−r cos θ sinφ
−r sin θ
 , Xθφ =
 r sin θ sinφ−r sin θ cosφ
0
 ,
Xφφ =
−(R+ r cos θ) cosφ−(R+ r cos θ) sinφ
0
 , ν = −
cos θ cosφcos θ sinφ
sin θ
 .
Note that this choice of tangent vectors yields an inner
unit normal ν. The first and second fundamental forms
are
g =
(
r2 0
0 (R+ r cos θ)2
)
, II =
(
1
r 0
0 cos θR+r cos θ
)
.
We have
√
g = r(R + r cos θ), gii := (gii)
−1. The princi-
pal curvatures are
c1 =
1
r
, c2 =
cos θ
R+ r cos θ
.
The unit tangent vectors are
eθ :=
Xθ
|Xθ| = −
sin θ cosφsin θ sinφ
cos θ
, eφ := Xφ|Xφ| =
− sinφcosφ
0
.
The geodesic curvatures κθ and κφ of the principal lines
of curvature can thus be obtained by
κθ = eφ(∇eθ)eθ = 1
R+ r cosφ
Xφ · 1
r2
Xθθ = 0,
κφ = eφ(∇eθ)eφ = Xφ ·Xθφ
r(R+ r cos θ)2
=
− sin θ
R+ r cos θ
.
8The spin connection Ω is the vector field with compo-
nents given by
Ω1 = (eθ, Deθeφ)R3 = −κθ = 0,
Ω2 = (eθ, Deφeφ)R3 = −κφ =
sin θ
R+ r cos θ
.
The explicit forms of the surface differential operators on
the torus are
∇sα = gii∂iα = ∂θα
r
eθ +
∂φα
R+ r cos θ
eφ,
∆s =
1√
g
∂i(
√
ggij∂j)
=
1
r2
∂2θθ −
sin θ
r(R+ r cos θ)
∂θ +
1
(R+ r cos θ)2
∂2φφ.
For n = cosαeθ + sinαeφ, the explicit expression of the
surface gradient ∇sn in terms of the deviation angle α,
with respect to the Darboux frame (n, t,ν) is
∇sn =

0 0 0
αθ
r cosα+
(
αφ
R+r cos θ − sin θR+r cos θ
)
sinα −αθr sinα+
(
αφ
R+r cos θ − sin θR+r cos θ
)
cosα 0
1
r cos
2 α+ cos θR+r cos θ sin
2 α
(
cos θ
R+r cos θ − 1r
)
sinα cosα 0
 .
Appendix B: Derivation of (7)
The proof relies on algebraic manipulations and inte-
gration of trigonometric functions. Let µ := R/r, sub-
stituting the expressions for c1, c2, κφ,
√
g derived in Ap-
pendix A, we have
I1 :=
∫
Q
(κφ)
2dA =
∫ 2pi
0
∫ 2pi
0
sin2 θ
µ+ cos θ
dθdφ
= 4pi2
(
µ−
√
µ2 − 1
)
,
I2 :=
∫
Q
(c1)
2dA =
∫ 2pi
0
∫ 2pi
0
{µ+ cos θ}dθdφ = 4pi2µ,
I3 :=
∫
Q
(c2)
2dA =
∫ 2pi
0
∫ 2pi
0
cos2 θ
µ+ cos θ
dθdφ
= 4pi2µ
(
µ√
µ2 − 1 − 1
)
,∫
Q
c1c2 dA = 0.
Ordering the terms according to the frequency in α, we
get
W (α) =
[
k1 + k3
4
I1 +
k2 + k3
8
(I2 + I3)
]
+ cos(2α)
[
k1 − k3
4
I1 +
k3
4
(I2 − I3)
]
+ cos2(2α)
[
k3 − k2
8
(I2 + I3)
]
,
and substituting the values of Ii yields (7). We also note
that the recurring value of (I2 + I3)/4 corresponds to
Willmore’s functional on a torus (see [27]), i.e.
W(T) =
∫
Q
(
c1 + c2
2
)2
dA =
pi2µ2√
µ2 − 1 .
Willmore’s functional can be interpreted as an elastic
bending energy for unconstrained membranes that have
a flat configuration at rest.
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